Abstract. In this article, we prove that a smooth projective complex surface X which is regular (i.e. such that h 1 (X, OX ) = 0) and which has a R-divisor ∆ such that (X, ∆) is a KLT Calabi-Yau pair has finitely many real forms up to isomorphism. For this purpose, we construct a complete CAT(0) metric space on which Aut X acts properly discontinuously and cocompactly by isometries, using Totaro's Cone Theorem. Then we give an example of a smooth rational surface with finitely many real forms but having a so large automorphism group that [Ben16] does not predict this finiteness.
Introduction
A real form of a complex projective variety X is a scheme over R whose complexification is C-isomorphic to X. A real structure on X is an antiregular (or antiholomorphic) involution σ : X → X (cf. [Man, Chap. 2] ). Two real structures σ and σ are equivalent if there is a C-automorphism ϕ of X such that σ = ϕσϕ −1 .
By Weil descent of the base field (cf. [Ser02, III. §1.3]), there is a bijective correspondence between the set of R-isomorphism classes of real forms of X and the set of equivalence classes of real structures on X. Moreover, if σ is a real structure on X, this set is parametrized by the first Galois cohomology set H 1 (G, Aut C X), where G = σ acts on Aut C X by conjugation.
The results of this paper are motivated by the study of the finiteness problem for real forms of rational surfaces. We already addressed this question in our previous article [Ben16] whose main result, combined with [loc. cit. §3.2], states as follows: Theorem 1. Let X be a smooth complex rational surfaces and let Aut * X be the image of the natural morphism Aut X → O(Pic X). If Aut * X does not contain a non-abelian free group Z * Z then X has finitely many real forms up to Risomorphism.
However, this result does not completely solve the problem since there are rational surfaces whose automorphism group does contain a non-abelian free group (cf. Example 3.1). In fact, it is not known how Aut * X can be large for a rational surface X. For example, up to our knowledge, the problem of the finite generation of the group Aut * X is open (but Lesieutre constructed in [Les17] a six-dimensional variety X such that Aut * X is not finitely generated and he showed that X is an example of a smooth projective variety having infinitely many non-isomorphic real forms 1 ). The aim of this article is to prove the following result:
Theorem 2. Let X be a smooth projective complex surface which is regular (i.e. q(X) := h 1 (X, O X ) = 0). If there is a R-divisor ∆ on X such that (X, ∆) is a KLT Calabi-Yau pair 2 , then X has finitely many real forms up to R-isomorphism.
The proof of this result uses different kind of tools than those we used in [Ben16] and mostly geometric actions on complete CAT(0) metric spaces: roughly speaking, a metric space is CAT(0) if it has "nonpositive curvature". We will give precise definitions in section 1. Then, we recall the definition of KLT Calabi-Yau pairs and we prove finiteness of real forms for them using Totaro's Cone Theorem 2.3. We give an example of a rational surface whose finiteness of real forms cannot be deduced from Theorem 1 but is obtained from Theorem 2.4. Finally, we present an example of a rational surface for which the finiteness problem remains open and which can be equipped of a Q-divisor ∆ such that (X, ∆) is log-canonical Calabi-Yau.
curvature (see [BH99, I.1.3, II.1.1]): this will be our main tool in order to turn our finiteness problem into a problem of hyperbolic geometry. Definition 1.1.
• A geodesic between two points a and b in a metric space (X, d) is a map γ : [0, ] → X such that γ(0) = a, γ( ) = b and ∀t, t ∈ [0, ], d(γ(t), γ(t )) = |t−t | (in particular, γ is continuous and = d(a, b)). A geodesic triangle ∆ in X consists of three points x, y, z ∈ X and three geodesic segments
• A metric space (X, d) is geodesic if every two points in X are joined by a geodesic (not necessarily unique).
• A geodesic metric space (X, d) is said to be a CAT(0) space if for every geodesic triangle ∆ in X, there exists a triangle ∆ in R n endowed with the euclidean metric, with sides of the same length as the sides of ∆, such that distances between points on ∆ are less than or equal to the distances between corresponding points on ∆ .
3 Let Γ be a group acting by isometries on a metric space X. The action is said to be proper (or properly discontinuous) if 4 ∀x ∈ X, ∃r > 0, {γ ∈ Γ|γ.B(x, r) ∩ B(x, r) = ∅} is finite.
Theorem 1.2. ([BH99, II.2.8])
If a group Γ acts geometrically (i.e. properly discontinuously and cocompactly by isometries) on a complete CAT(0) space, then Γ contains only finitely many conjugacy classes of finite subgroups.
Finiteness theorem
Firstly, let us introduce the surfaces we deal with (cf. [Tot10] Definition 2.1. (KLT Calabi-Yau pair) Let X be a smooth projective complex variety and ∆ be a R-divisor on X. (X, ∆) is a KLT (resp. log-canonical) Calabi-Yau pair if there exists a resolution π : ( X, ∆) → (X, ∆) satisfying the following conditions:
• ∆ has simple normal crossings and his coefficients are < 1 (KLT condition), resp. ≤ 1 (log-canonical condition); • ∆ is an effective R-divisor such that K X + ∆ is numerically trivial (Calabi-Yau condition).
Example 2.2. Let us present here some examples of KLT Calabi-Yau pairs. The reader may also look at Examples 3.1 and 3.2.
• Of course, there are irrational surfaces X having a R-divisor ∆ such that (X, ∆) is KLT Calabi-Yau (simply think of X being Calabi-Yau smooth and ∆ = 0). There are less trivial examples, like some P 1 -bundles over elliptic curves (cf. [AM04, 1.4]).
• If X is a Halphen surface of index m ≥ 2 (for the definition, cf. If X is a surface, then the action of Aut X on the nef cone has a rational polyhedral fundamental domain (i.e. it is the closed convex cone spanned by a finite set of Cartier divisors in Pic X ⊗ Z R).
The aim of this article is to prove the following result:
Theorem 2.4. Let X be a smooth projective complex surface which is regular (i.e. q(
If there is a R-divisor ∆ on X such that (X, ∆) is a KLT Calabi-Yau pair, then X has finitely many real forms up to R-isomorphism.
Thus, Example 2.2 shows that our previous result about finiteness of real forms for Cremona special surfaces, i.e. (cf. [Ben16, 3.2] ) is a special case of this result when the fibre F we mentioned in 2.2 above is reduced with simple normal crossings.
Strategy of the proof. -Let σ be a real structure on X and let Aut # X (resp. Aut * X) be the kernel (resp. the image) of the natural morphism p : Aut X → O(Pic X). If G = σ acts on Aut X by conjugation (i.e. ∀ϕ ∈ Aut X, σ.ϕ := σϕσ −1 ), then the exact sequence (see also the proof of Theorem 2.5 in loc. cit.). Thus, we need only to show the finiteness of H 1 (G, Aut * X). Now, for the special case of KLT Calabi-Yau pairs, the idea is the following: using Totaro's Cone Theorem, we will construct a complete CAT(0) space on which Aut * X σ * acts geometrically (where σ * ∈ O(Pic X) is the isometry induced by σ). Then, we will be able to conclude that H 1 (G, Aut * X) is finite using Theorem 1.2 together with the following result (which can be proved easily using the definitions as in the proof of [Ben16, Th.
2.4]) :
Lemma 2.5. Let G = σ Z/2Z, A be a G-group and A G the semidirect product defined by the action of G on A.
If A G has a finite number of conjugacy classes of elements of order 2 (in particular, if it has finitely many conjugacy classes of finite subgroups), then H 1 (G, A) is finite.
- * * * -Before beginning the proof of this theorem, let us give some definitions to clarify the terms we use: Definition 2.6. Let X be either H n or R n ( 5 ).
• A subset C of X is convex if ∀x, y ∈ C, the geodesic segment linking x and y is contained in C.
• A side of C is a maximal nonempty convex subset of the relative boundary ∂C (cf. [Rat06, p. 195, 198] ).
• A (convex) polyhedron of X is a nonempty closed convex subset of X whose collection of sides is locally finite. In what follows, we will always say "polyhedron" instead of "convex polyhedron".
5 In what follows, when writing R n , it is understood as R n equipped with its euclidean metric (which is denoted by E n in [Rat06] ).
• Let X be a subset of either H n or R n . A fundamental polyhedron (or polyhedral fundamental domain) for the action of a discrete group Γ of isometries of X is a polyhedron P whose interiorP is such that the elements of {g(P ), g ∈ Γ} are pairwise disjoint and X = g∈Γ g(P ). Moreover, P is a locally finite fundamental polyhedron if the set {g(P ), g ∈ Γ} is locally finite, i.e. if for all compact K ⊆ X, there are only finitely many elements of {g(P ), g ∈ Γ} which intersect K.
Proof of Theorem 2.4. We begin by explaining how we can turn our problem into a problem of hyperbolic geometry. Hodge index Theorem shows that the signature of the intersection form on NS(X) = Pic X is (1, n), where rk Pic X = n + 1. Note that this is the only place where we use the fact that h 1 (X, O X ) = 0. In fact, we could try to remove this hypothesis but we should replace Aut # X and Aut * X with the analogous groups corresponding to the action of Aut X on NS(X) instead of Pic X but we do not have a general result of cohomological finiteness for the kernel of the action of Aut X on NS(X) whereas we gave such a result for the kernel of the action of Aut X on Pic X in the paragraph "Strategy of the proof" above.
Thus, we obtain the hyperboloid model of the hyperbolic space
v is the intersection product of u and v and H is an ample divisor class on X.
The radial projection π : Pic X ⊗ Z R → Pic X ⊗ Z R from the origin onto the hyperplane {v ∈ Pic X ⊗ Z R | v.E 0 = 1} R n maps the hyperboloid H n onto the open unit ball D n of this hyperplane: when endowed with the appropriate metric, this is the Klein (projective) model of H n and π restricts to an isometry H n → D n . The geodesic lines of this model are straight line segments so that the convex subsets of D n (for the hyperbolic metric) are exactly its convex subsets for the euclidean metric of D n ⊆ R n . Note that π maps the isotropic half-cone {v ∈ Pic X ⊗ Z R | v 2 = 0, v.E 0 > 0} onto the boundary ∂D n (which can be seen as the set of lines of this isotropic half-cone). We also want to mention the Poincaré ball model B n of H n which is obtained from the hyperboloid model by means of a stereographic projection from the south pole of the unit sphere of Pic X ⊗ Z R on the hyperplane {v ∈ Pic X ⊗ Z R | v.E 0 = 0}.
Finally, if we denote by Nef X the nef effective cone of X and if N := π(Nef X ∩ H n ) (Nef X ∩ H n )/R * , then we see easily that N is a closed convex subset of D n and that, by Totaro Cone Theorem 2.3, Aut X (or Aut * X) acts on it with a finitely sided polyhedral fundamental domain (namely, the projection onto D n of a polyhedral fundamental domain of the action on Nef X). Note that, as we said in the statement of Theorem 2.3, there is a fundamental domain P of the action of Aut X on Nef X which is the closed convex cone generated by finitely many points of Pic X ⊗ Z R; hence, P := π(P) ⊆ D n is the convex hull of finitely many points and classical results about convex polyhedra of R n show that such a convex set is the intersection of finitely many half spaces and has finitely many sides (which are defined by the bounding hyperplanes of P ). Hence, this is also true for P := P ∩ D n , the fundamental polyhedron of the action of Aut X on N .
In order to use Lemma 2.5 and Theorem 1.2, we have to prove that Aut * X σ * acts properly and cocompactly by isometries on a CAT(0) complete metric space. In fact, we are reduced to prove Lemma 2.9, which is the adaptation to our case of [Rat06, 12.4.5, 1⇒ 2] (where we replaced a fundamental domain of the action on H n by a fundamental domain on a closed convex subset, which is our N ), and Lemma 2.10. The proof ends on page 5.
Lemma 2.7. Any discrete subgroup Γ of Isom (H n ) acts properly discontinuously on H n .
Proof. Note that the action of Isom (H n ) O + (1, n) on H n is transitive and that the stabilizer of a point x ∈ H n (in the hyperboloid model) is the orthogonal group O(x ⊥ ) O n (R). Thus, this action induces a bijection H n O + (1, n)/O n (R). Since Γ is discrete in the locally compact group O + (1, n) and since O n (R) is compact, the result follows from [Wol84, 3.1.1].
Before stating our lemmas 2.9 and 2.10, let us give some other definitions (cf. [Rat06] ):
Definition 2.8. Let Γ be a discrete subgroup of Isom (H n ).
• A point a ∈ ∂H n is a limit point of Γ if there is a point x of H n and a sequence (g i ) of elements of Γ such that (g i (x)) converges to a.
• In the Poincaré ball model B n , an horoball based at a point a ∈ ∂B n is an Euclidean ball contained in B n which is tangent to ∂B n at the point a.
• Assume Γ contains a parabolic element (cf. [Rat06, §4.7]) having a ∈ ∂H n as its fixed point.
A horocusp region is an open horoball B based at a point a ∈ ∂H n such that
The following Lemma develops and makes more precise an idea of Totaro in [Tot12, §7]:
Lemma
If the action of Γ on N has a finitely sided polyhedral fundamental domain P , then there exists a finite union (maybe empty) V 0 of horocusp regions with disjoint closures such that (P ∩ C(Γ)) \ V 0 is compact.
Sketch of proof. The proof of this lemma is an adaptation of the proof of [Rat06, 12.4.5, 1⇒ 2]: we replaced the fundamental domain of the action on H n by a fundamental domain of the action on a closed convex subset, which is our N and we replaced geometrical finiteness hypothesis for Γ (which is more general than the existence of a finitely sided fundamental polyhedral domain of Γ on H n ) by the hypothesis of the existence of a finitely sided fundamental polyhedral domain for the action of Γ on N . Thus, we have to check all the proofs of the results used by [Rat06] in the proof of [Rat06, 12.4.5, 1⇒ 2] in order to replace H n by a closed convex subset N . The details of these verifications are in the Appendix. Here, we sum up the main points:
• if P 0 is a fundamental polyhedron of the action of Γ on H n , then P = P 0 ∩ N is a fundamental polyhedron of the action of Γ on H n • by (6.6.10, 8.5.7), like H n , a closed convex subset N of H n is a proper geodesically connected and geodesically complete metric space 6 : indeed, N is proper as a subspace of the proper metric space H n , N is geodesically complete, as it is complete, and it is geodesically connected, since it is convex. From this fact, we can deduce that the action of Γ on N has a (locally finite) exact convex fundamental polyhedron, e.g. a Dirichlet polyhedron, by (5.3.5, 6.6.13) and (6.7.4 (2)) since the group is discrete (and hence acts properly discontinuously, cf. Lemma 2.7) and since there is a point a ∈ N whose stabilizer Γ a is trivial (by (6.6.12)).
• for the other points, it is a question of replacing H n by N and checking that everything remains true (sometimes by using convexity and/or closedness of N in H n ).
Lemma 2.10. Let C be a closed convex subset of H n , Γ a discrete subgroup of Isom (H n ) stabilizing C, V 0 a finite family of open horoballs with disjoint closures and
There is a family of open horoballs with disjoint closures, obtained by shrinking the horoballs of V 1 , whose union U is such that C \ U is a complete CAT(0) space.
Proof. By [BH99, II.11.27], for every family U of disjoint 7 open horoballs, H n \ U is a complete CAT(0) space for the induced length metric (this distance is defined between 2 points as the infimum of the lengths of rectifiable curves of H n \ U between those two points ; it is different from the metric induced by the hyperbolic metric on H n \ U ). Thus, C \ U is complete as a closed subset of the complete space H n \ U . It remains to study geodesic connectedness (term of [Rat06, §1.4]) or convexity (term of [BH99, I.1.3]) of C \ V 1 in H n \ V 1 to conclude (using [BH99, II.1.15.(1)]) that C \ V 1 is CAT(0) for the metric induced by the distance of H n \ V 1 (which is itself the length metric induced by the metric of H n ). So let x, y ∈ C \ V 1 : if the geodesic γ of H n joining x and y is contained in H n \ V 1 , then it is also contained in C \ V 1 since C is convex. Otherwise, Im γ passes through at least one horoball and [BH99, II.11.33, II.11.34] shows that a geodesic δ of H n \ V 1 linking x and y is obtained by concatenation of the hyperbolic geodesics which are tangent to the bounding horospheres of the horoballs crossed by γ on the one hand and geodesics of these horospheres on the other hand. A priori, it may happen that Im δ is not contained in C. But we can shrink V 0 so that the antipodal point of the base point of each horosphere of V 0 belongs to C ( 8 ), which causes this effect on all the horoballs of V 1 under a finite number of operations. Hence, the geodesics of the horospheres are contained in C and the hyperbolic geodesics are contained in C because they join two points of C. Thus, if we denote by U the result of this shrinking of V 1 , we showed that C \ U is geodesically connected in H n \ U and this shows that C \ U is a complete CAT(0) space.
End of the proof of Theorem 2.4. We apply Lemma 2.9 with Γ = Aut * X, N = π(Nef (X)∩H n ) Nef (X)/R * and P being a fundamental polyhedron of the action of Γ on N : this gives us a finite family V 0 of open horoballs with disjoint closures and a convex subset P C = P ∩ C(Γ) of P such that P C \ V 0 is compact. Thus, Γ acts properly (by Lemma 2.7) and cocompactly on C \ V 1 where C := N ∩ C(Γ) and
Now, by Lemma 2.10, we can replace V 1 by another family U of open horoballs with disjoint closures such that C \ U is a complete CAT(0) space. The compacity of a fundamental domain is preserved by this shrinking because P \ (U ∩ P ) is a bounded closed subset of H n , so it is compact because H n is a proper metric space. By the way, one can verify that the proof of [Rat06, 12.4.5, 1⇒ 2] allows to shrink the horoballs without trouble. Finally, we can conclude that Aut * X acts properly and cocompactly on the complete CAT(0) space C \ U . It is not enough: in order to apply Lemma 2.5 and Theorem 1.2, we must obtain the same result for Aut * X σ * , where σ is a real structure on X. By Lemma 2.7, the discrete isometry group Aut * X σ * acts properly on H n (hence also on H n ∩ (C \ U )). Since there is a fundamental domain of Aut * X σ * which is a closed subset of that of Aut * X which is compact, we see that Aut * X σ * also acts cocompactly: this concludes the proof.
Remark 2.11. In fact, we could give a much shorter proof of Theorem 2.4 if N were smooth complete.
First, note that N is a pinched Hadamard manifold 9 as a convex subset of H n : in particular, note that it is simply connected because of its convexity (which can be seen in the Klein model, where convexity is the same as Euclidean convexity and really implies simply connectedness). Now, if we denote by P a fundamental domain of the action of Aut X on N ⊆ D n , we remark that P is a fundamental domain of the action of Aut X on N ⊆ D n and that it is a convex polyhedron of the Klein model D n of H n and also of the Euclidean space R n (since convexity in the Klein model is the same as Euclidean convexity). Indeed, by Definition 2.6, we need to check that P has a locally finite collection of sides. But this is true since Totaro Cone Theorem 2.3 shows that it is finitely sided (as we have seen in the beginning of the proof of Theorem 2.4, see page 4). Thus, by [Rat06, 6.4 .8], P has finite volume. Therefore, P is also of finite volume. Since there is a fundamental domain P of Aut X σ which is contained in P , we see that P is also of finite volume. Thus, the quotient of N by Γ := Aut X σ is a finite volume quotient of the pinched Hadamard manifold N and [Bow95, 5.4.2, F5, 6.1, 5.5.2] shows that Γ has finitely many conjugacy classes of finite subgroups: thus X has a finite number of real forms by Lemma 2.5.
Two examples
Example 3.1. Here we study the example given by Totaro in [Tot10] : it is a blow-up X of P 2 at 12 points and we show that Aut X contains a subgroup isomorphic to Z * Z. Since there exists a R-divisor ∆ such that (X, ∆) is a KLT Calabi-Yau pair, X has finitely many non-isomorphic real forms and this finiteness cannot be deduced from Theorem 1.
Let ζ = e 2iπ/3 . We denote by X the blow-up of P 2 at the 12 points of the set P = {[1 : C 1 , . . . , C 9 be the lines of P 2 of equations (y = x), (y = ζx), (y = ζ 2 x), (z = x), (z = ζx), (z = ζ 2 x), (z = y), (z = ζy), (z = ζ 2 y). We can easily verify that each line C i passes exactly through 4 of the points of P and that each point blown-up is the intersection point of exactly 3 of the C i : this is called the dual of Hesse configuration.
10
Note that X, 1 3
C i is a KLT Calabi-Yau pair because:
• X is smooth;
C i has simple normal crossings and its coefficients are < 1; We claim that Aut # X = {Id} : since all the points blown-up belong to P 2 , it suffices to check that there does not exist any line passing through at least 11 of the 12 points of P (in fact, Aut # X is non-trivial if and only if P does not contain 4 points in general position, i.e. if and only if all the points of P are collinear 9 A pinched Hadamard manifold is a complete simply connected Riemannian manifold whose all sectional curvatures lie between two negative constants. 10 Hesse configuration itself is not interesting for our purposes: since it contains exactly 9 points (and 12 lines), the surface obtained by blowing up these points has finitely many non-equivalent real structures by Theorem 1. 
Finally, we want to show that Aut X contains a subgroup isomorphic to Z * Z:
• it is well-known that SL 2 (Z) contains finite index subgroups isomorphic to Z * Z (for example, S := 1 2 1 , 1 2 1 has index 12, cf. [dlH00, II.25]) ;
2 ) by matrix product and
is the quotient by the subgroup generated by ζ.I 2 . Clearly, two elements of SL 2 (Z) (or even GL 2 (Z)) are never equal
: this concludes the proof. , we denote by p ij the intersection point of L i and L j . Let us fix a cubic C 3 passing through the points p ij and intersecting L 5 at three distinct points q 1 , q 2 , q 3 . Finally, let a be another point of L 5 . We consider the blow-up X of P 2 at the 10 points p ij , q k and a: it is a nodal Coble surface since | − K X | = ∅ and | − 2K X | = {C 6 := R 1 + R 2 + R 3 + R 4 + 2R 5 }, where the R i 's are the strict transform of the L i 's in X (note that X is nodal since R 1 ,. . . ,R 4 are (−2)-curves).
In [DZ01] , it is claimed that Aut X has infinitely many orbits on the set of (-1)-curves of X but, in a private communication, Dolgachev explained me that there is a gap in the proof of this fact (more precisely, the elements of the group G constructed in op. cit. cannot be lifted to the double covering S(A) of X ramified along R 1 + · · · + R 4 ). Note that if it were true, this would show that X does not contain a divisor ∆ such that (X, ∆) is a KLT Calabi-Yau pair. For, if such a divisor existed, then Cone Theorem would imply that Aut X has finitely many orbits on the extremal rays of the nef cone of X and this would be true also for its dual cone, which is the cone of curves of X (cf. [Loo14, 4.1]): this is absurd because (−1)-curves form an Aut X-invariant subset of the set of extremal rays of N E(X).
However, note that X, 1 2 C 6 is a log-canonical Calabi-Yau pair since 1 2
has clearly simple normal crossings, has coefficients ≤ 1 and satisfies the condition K X + 1 2 C 6 ≡ 0.
Appendix
In this appendix, we provide a detailed proof of Lemma 2.9, i.e. a detailed inspection of all the proofs of the results used by [Rat06] in the proof of [Rat06, 12.4 .5] in order to replace H n by a closed convex subset N . We recall here the statement of Lemma 2.9: Lemma 2.9. Let Γ be a discrete subgroup of Isom (H n ), L(Γ) the set of limit points of Γ in H n , C(Γ) the convex hull of L(Γ) in H n and N a Γ-invariant closed convex subset of H n . If the action of Γ on N has a finitely sided polyhedral fundamental domain P , then there exists a finite union (maybe empty) V 0 of horocusp regions with disjoint closures such that (P ∩ C(Γ)) \ V 0 is compact.
In what follows, all numbers like (12.4.2) refer to [Rat06] . Moreover, when some notations are undefined, please consider they are the same as in [Rat06] , mutatis mutandis. Finally, when some results cited in the diagram page 9 are not cited in the text below, then these are general results which apply to our case either without any change, or changing only H n into N . Some remarks are widely used below so we gather them here:
• if P 0 is a fundamental polyhedron of the action of Γ on H n , then P = P 0 ∩ N is a fundamental polyhedron of the action of Γ on H n
• by (6.6.10, 8.5.7), like H n , a closed convex subset N of H n is a proper geodesically connected and geodesically complete metric space 11 : indeed, N is proper as a subspace of the proper metric space H n , N is geodesically complete, as it is complete, and it is geodesically connected, since it is convex. From this fact, we can deduce that the action of Γ on N has a (locally finite) exact convex fundamental polyhedron, e.g. a Dirichlet polyhedron, by (5.3.5, 6.6.13) and (6.7.4 (2)) since the group is discrete (and hence acts properly discontinuously, cf. Lemma 2.7) and since there is a point a ∈ N whose stabilizer Γ a is trivial (by (6.6.12)).
• if Γ is a discrete group of isometries of H n (seen as Poincaré half-space), then the stabilizer Γ ∞ of the point at infinity induces a discrete subgroup of Isom (R n−1 ) = Isom (∂H n \ {∞}). By (5.4.6), there is a Γ ∞ -invariant affine subspace Q of R n−1 of dimension m ≤ n − 1 and Γ ∞ is a finite extension of a Z m . By (7.5.2), Γ ∞ is a crystallographic isometry group of R m Q, i.e. Q/Γ ∞ is compact • for the other points, it is a question of replacing H n by N and checking that everything remains true (sometimes by using convexity and/or closedness of N in H n ). (12.3.7): Γ is a discrete subgroup of Isom (H n ) so we can define "limit point", "bounded parabolic point"... with regard to its action on the whole space H n . Note that a is a limit point if and only if ∃(g i ) ∈ Γ N , ∀x ∈ H n , g i (x) − −−− → i→+∞ a: in particular, if x ∈ N , then ∀i, g i (x) ∈ N . The rest of the proof can be followed, except that we can check that the geodesic ray R i is contained in N .
(12.4.3) Firstly, note that (12.4.2) is not necessary for our purposes since P is finitely-sided. We can make the same reasoning with N instead of H n : if P is a fundamental polyhedron of Γ acting on N , then {g(P )| g ∈ Γ} is an exact tessellation of N and {νg(P )| g ∈ Γ} = T is an exact tessellation of ν(N ) ⊆ R n−1 . But g∈Γ g(P ) = N so U ⊆ ν(N ). Since U is an open closed subset of R n−1 and U ⊆ ν(N ), we see that U is open and closed in the non-empty connected space ν(N ) so that U = ν(N ).
(12.4.4) The beginning of the proof remains valid: it shows that if x ∈ P ∩ L(Γ), where P is the closure of P in H n , then the stabilizer Γ x is infinite and elementary of parabolic type (cf. [Rat06, §5.5]). Of course, T is an exact tessellation of ν(N ) instead of R n−1 . If c ∈ N is a cusp point of Γ, then U (Q, r) ∩ N = ∅ because U (Q, r) is a neighborhood of c: thus it suffices to replace U (Q, r) by N ∩ U (Q, r) in the end of the proof to conclude.
(12.4.5) Firstly, we note that (12.4 Cor. 3) is a direct corollary of (12.3.7), (12.4.1) and (12.4.4) and that P is the closure of P in H n . It suffices to replace:
• "Γ is geometrically finite" by "the fundamental polyhedron of Γ on N is finitely-sided" (see ( §12.4, Example 1));
• in view of the statement of our Lemma 2.9, all the statements made in the proof of (12.4.5) concerning π, V , M are useless for our purposes and all we need is
and we have to note that K is a closed subset of B n included in the closed subset N (since P ⊆ N ) hence K is a closed subset of N .
